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TRANSGRESSIONS, CHERN-SIMONS INVARIANTS
AND THE CLASSICAL GROUPS

JAMES L. HEITSCH & H. BLAINE LAWSON, JR.

1. Introduction

Generalizing the work in [6], J. Simons has defined a family of natural
transformations from principal bundles with connection over a manifold M to
characters on the integral cycles of M. Provided that certain Pontryagin forms
vanish identically, these characters determine R/Z cohomology classes, which
for the tangent frame bundle of a riemannian manifold constitute a set of
obstructions to conformally immersing the manifold into euclidean space.

In this paper we give a short proof that the Simons characters associated to
any biinvariant metric connection on a compact Lie group G are identically
zero. At the same time we are able to compute the Chern-Simons invariants
in the frame bundle of G and by using the more delicate obstructions in [6]
obtain nonimmersion theorems for certain group manifolds.

The paper is organized as follows. In § 2 we summarize relevant facts from
{6] and [9]. In §3 we reduce the problem of computing the Chern-Simons
invariants to that of computing the map induced on cohomology by the adjoint
representation. In § 4 we apply these results to classical groups.

2. Transgression classes and Chern-Simons theory

The material in this section is presented without proof. For details see [6]
and [9].

We begin by fixing notation. Let G be a Lie group with Lie algebra g, and
denote by I*(G) the graded ring of adjoint-invariant multilinear functions on g.

Denote by E a principal G-bundle over a manifold M, and let § be a con-
nection on E with curvature 2. To any P ¢ I*(G) we associate a real-valued
2k-form P(2, - --,2) on E. This form is closed, horizontal and invariant, and
hence it projects to a closed form on M. The element in H*(M; R) so
determined is independent of the connection 4, and is therefore an invariant
of the bundle £.

While P(2, - - -, £) may project to something nontrivial in the cohomology
of M, it is always exact on E. In fact, if we set
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Q, =10 4+ 3 — 016,01 = dig,) + 36:,6.] ,

where 6, = 16, and define the transgression form TP(6) of P by
1

@.1) TPO) = k | PG, 9:, -+, 241
0

then we have d(TP®)) = P(2, ---,2). Thus, if P(2, - --,2) = 0, then TP(6)
determines an R cohomology class on E, denoted {TP(6)}, which is in general
not independent of §. For connections associated to riemannian metrics the
theorem is the following

Theorem 2.1 (Chern-Simons [6, Theorem 4.5]). Let E be the bundle of
tangent frames on a manifold M, and suppose that § and ¢ are the Levi-Civita
connections of conformally related riemannian metrics g and g on M. Then
for all P e I*(GL,) such that P(Q) = 0, we have P(’') = 0 and

(TP(O)} = {TP(@)} .

Recall that the ring I*(GL,) is generated by classes p,, - - -, Py, Where
degree p; = 2j, with the following property. If we let j; be the j-th integral
Pontrjagin class of E, and let

r: H*(M ; Z) — H*(M; R)

be the natural map, then the projection of p,(2,---,2) e r(p;). For our
purposes we need to consider also the inverse Pontryagin forms coming from
polynomials py given by the following identity in £:

(Brezv) =

where p, = p# = 1. We say that P ¢ I*(GL,) is integral if it is mapped to
H*(BGL, ; Z) by the Weil homomorphism. The p; are integral polynomials.

Before stating the next results we shall make a notational convention. For
any space X, we denote by H*(X; Z) the image of H¥(X; Z) in H*(X; R)
under the coefficient homomorphism.

Theorem 1.2 (Chern-Simons [6, Theorem 5.14)). Let M be a compact
oriented riemannian manifold of dimension n. Let 6 denote the riemannian
connection on the bundle of frames E. Suppose M admits a conformal immer-
sion in R***. Then for all jwith [k/2] + 1 < j< [n/2]

D p2,---,20) =0,

2) (Tp: @} e HY-E; 2).

Corollary 2.3. Let M, E, § be as above, and suppose 6: M — E is a cross-
section. Then a necessary condition that M admit a conformal immersion in
R™* is that ¢*({ITp7(O)}) B9\ M ; Z) for all j with [k/2] + 1<j<
[n/2].
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Suppose now that z: E — M is a principal GL, bundle with connection ¢
and curvature 2. To every integral P ¢ I**(GL,), Simons associates a homo-
morphism SP(#): Z,._(M) — R/Z where Z,,_,(M) denotes the integral
(4k — 1)-cycles. If P(2, ..., 2) = 0, then SP() defines a cohomology class
{SP(@)} € H* (M ; R/Z). For trivial principal bundles this class is related to
{TP(§)} as follows. Let o: M — E be any cross-section, and let p: H*~'(M; R)
— H*~Y(M; R/Z) be the natural reduction mod Z. Then

{SP(®)} = poa*({TPO)) .

We conclude this section by recalling the transgression map for compact Lie
groups. Let G be such a group, BG its classifying space, and z: EG — BG
the universal principal G bundle over BG. The transgression map is a mapping
v: HYBG; A) —» H*~Y(G; A) for k > 1, where 4 is some coefficient ring,
defined as follows. Let y ¢ H*(BG; 4) and choose ¢ € y. The cocycle z¥c is
exact in EG since EG is contractible. Hence there is a cochain ¢’ on EG such
that ¢’ = z*c. Then i*¢’ is a cocycle in G where i: G — EG is the fiber
inclusion. The cohomology class z(c) = {i*c’} is independent of the choices
involved because of the acyclicity of EG.

We will need the following facts about the transgression map. The reference
is Borel [2].

Lemma 2.4. Suppose f: G — G’ is a smooth homomorphism, and Bf: BG
— BG’ is the induced map. Then the following diagram commutes:

H* (G’ ; A) «— H*BG'; A)

| le*
H*Y G A) «— HYBG; A) .

The map 7 is not a homomorphism, but it does have the following rela-
tionship to the multiplicative structure in cohomology.

Lemma 2.5. 7 maps primitive elements to primitive elements, and maps
products to zero.

For G = GL, we have the following special result (cf. [4]).

Lemma 2.6. Lez p,, pt ¢ HY(BGL,; R) be the classes discussed above.
Then

tp; = —%tpf ¢ HY"(GL,; 2) ,

[l

and, in fact, these classes are generators in the group
HYYGL,; 2) .

Over the real numbers the transgression map can be given explicitly in terms
of de Rham cohomology. Let E — M be any principal G-bundle over a
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manifold M with connection 4. Let P ¢ I*(G). We may consider P as an element
in H#**(BG ; R) via the Weil homomorphism. Notice that the form 7P(6) defined
in (2.1), when restricted to the fiber G C E, is closed, since dTP(0)|; =
PR, ---,2)|; = 0. The de Rham class of TP(8)|; is exactly =P ¢ H*~'(G; R).
(Consider E embedded in the universal bundle EG.) A straightforward calcu-
lation now shows that

(2.2) P — ( _%) “1%({5__:1_?!_‘&%, [we, wel, - - +» [wg, w6])

where g is the Maurer-Cartan form on G.
Note that the form in (2.2) is biinvariant and therefore harmonic if G is
compact.

3. Compact Lie groups

Let G be a compact Lie group of dimension n with Lie algebra g, and
denote by (-, -> a biinvariant riemannian metric on G. ({-, - » corresponds to
an Ads-invariant inner-product in g.) Let 4 be the associated riemannian con-
nection on the frame bundle of G, and let £ denote its curvature. Following
Chern we shall adopt the convention that for P e I*(G), P(a,, a,, - - -, a;) for
I < k means that the argument «; is repeated in the final » — [ slots. For
example, P(2) = P(2, ---, Q).

Lemma 3.1. For any Pe I*(GL,), P(Q) = 0.

Proof. Let z: E — G denote the frame bundle of G, and consider the
section

3.1 . G—E

given by choosing an orthonormal basis of left-invariant vector fields. From
Lemma 3.4 below we have

o2 = —40%((6,6]) ,
and therefore
d*P(2) = (=) e*P(,6]) .
Using the adjoint-invariance of P (see [5, (65)]), we have
P((0,6D) = (k — P(, [616,6]),16,6)) .

Since {6, 16, 611 = 0 and z*¢*P(2) = P(Q), we have P(2) = 0.

It follows from Lemma 3.1 that for each integral form P ¢ I*(GL,) there
are classes {TP(f)} € H* Y(E; R) and {SP(0)} = p-o*{TP(®)} € H*(G; R/Z)
defined. Our first main result is the following.
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Theorem 3.2. Let Ad: G — GL, be the adjoint representation, and let 6
be the Levi-Civita connection of a biinvariant metric on G. Then for any
integral form P e I¥(GL,) we have

(3.2) G*[TPO)} = Ad*(3cP) .

In particular, {SP(@)} = 0.

The result that {S;1(0)} = 0 for G = SO(k) and all i is also due to J.
Simons.

Proof. Lete, ---,e, be an orthonormal basis of left-invariant vector fields
on G, and let @y, - - -, w, be the dual 1-forms. Then w; = 3 7%, e; ® w; is the
Maurer-Cartan form on G. The cross-section ¢: G — E of the frame-bundle
is given by 6(g) = (g; e,(g), - - -, €,(g)) for g € G. We recall that the connection
8 is a gl,-valued 1-form on E. Thus ¢*f is a gl,-valued 1-form on G. Our
first step will be to compute this form.

Let Ad,, denote the differential of the adjoint transformation, and let ad: g
— gl, be the associated Lie algebra homomorphism.

Lemma 3.3. ¢*0 = fadow; = twysp 0 Ad,,.

Proof. The second equality follows immediately from the fact that ad =
Ad, at the identity of G and that Ad is a C* homomorphism.

To establish the first equality we need only to compute (¢%6),,(X) =
{e;,Vye;» for 1 < i, j < n where 'y is covariant differentiation with respect
to the vector field X on G (see [7, p. 44] and [5]). For left-invariant vector
fields X and Y, covariant differentiation for a biinvariant metric is given by

V_yY = %;'[X, Y] = ‘g;'adx Y Py
(see [8, pp. 113-114]). It follows that

T
(c*6);; = 1.;‘1 {e;, ¥ ad,, epwr = {e;, ad., e,

that is, 6%6 = } ad o w¢ as claimed.

Let 2 denote the curvature of the connection 4. Recall that 2 is a gl~valued
2-form.

Lemma 3.4.

(3.4) 0¥Q = o*(— 16,6 = —% Ad*({wgr, wer]) -

Proof. By definition, 2 = 46 + 1[4, 8]. However, ¢%df = do*6 =
d(Ad* Gwer)) = Ad* (Rdws) = Ad*(—[}wer, 2wsr]) (by the Maurer-Cartan
equations) = — [+ Ad* wgy, + Ad* wg, ] = —[6%6,6™0) = —a*[6, 6].

We can now complete the proof of the theorem. Recall that

TP@) = k j P, 0)dt ,
0

where
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2, =10 + 3@ — 0lg,4] .
Thus

*TP@) = k Jo P(0*8, o*02,)dt
= & [ P(AG* §oz, (* — DA* [hogs, Foor)
= AG*(Plws, lwoz, woDk | =Gr — 0-idr)
Using the fact that

r r(d — odt = st
0 r+s+ 1!

and (2.2), we have

o*{TP(H)} = Ad* [%(—%)k—liég—c:t%l’(wau [wer, wGL])]
= Ad*<%z‘l)) .

This proves (3.2).

The fact that {SP(8)} = O follows from (3.2), Lemmas 2.5 and 2.6, and the
fact (cf. [2]) that H*(BGL,; Z) is generated as a ring by the classes p;. This
completes the proof of Theorem 3.2.

We would now like to use Corollary 2.3 to obtain results on the nonexistence
of conformal immersions. Theorem 3.2 reduces this problem to computing the
map

Ad*: H*(GL,; Z) — H*(G; Z)

modulo torsion. In particular we are interested in this map on the elements
$tpy = —47p;.

To simplify matters in the following discussion, we shall replace GL, with
the subgroup O(#). Since Ad is an orthogonal representation and BO(n) has
the homotopy-type of BGL,, everything remains essentially unchanged.

Let G be an n-dimensional compact Lie group, and Ad: G — 0(») its
adjoint representation, and suppose T < G is a maximal torus. Consider the
following commutative diagram (cf. Lemma 2.4):

H0(n) ; Z) «— HHBO(n); Z)

Ad*l Ad*l

HG; Z) <— H'BG;Z) ——> HBT;Z)
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where z denotes the transgression map, and #* is the map induced by inclusion.
We are interested in computing the left vertical map. When G is a classical
group, the maps z are well known (cf. [2]), and it will suffice to compute the
right vertical map. Since the map i* is injective modulo torsion, and for the
classical groups the images of i* are well-known, we need in fact only to
compute the map i* « Ad*. This is accomplished by computing the weights of
the adjoint representation.

Specifically, we proceed as follows. Let G be a compact r-dimensional Lie
group, and p: G — O(n) a homomorphism, and choose maximal tori T, C G
and T, C O(n) so that o(Ts) C T,. Let @, - - -, Gy € H' (T 5 Z) denote the
weights of the representation (the images under p* of canonical generators for
H\(T,; Z)), and o, - - -, @y, their preimages in H(BT;; Z) under transgres-
sion. We recall that z: H(BT;; Z) — H'(T;; Z) is an isomorphism, and
H*(BT; Z) is a polynomial algebra on 2-dimensional generators. If p = 1 +
P1+ D: + -+ + Ppyy is the universal total Pontrjagin class in H*(BO(n) ; Z),
then a theorem of Borel-Hirzebruch gives us the following

Theorem 3.5 ([3, Theorem 10.3]).

(3.5) 0" @) = 1] (L+ o) .

where i*: H*(BG; Z) — H¥*(BTs; Z) is the natural map.

Ultimately we wish to know if i*p*(p) is an even class in *(H*(BG; Z)).
For this we need a precise knowledge of the image, which can be had from
the fact that i*(H*(BG; Z) is the subring of H*(BT; Z) invariant by the
induced action of the Weyl group.

4. Computations for the classical groups

We shall now carry out the computations just indicated for the case where
G is a compact classical Lie group. We begin by recalling some basic facts
concerning these groups (cf. [11, [2], [4]). Suppose G has rank %, and let
i: T, C G denote a maximal torus. In what follows 4,, - - -, 6, will denote a set
of generators for H(T;; Z), and will also denote the corresponding elements
in HYBTs; Z). All of our computations will take place in the group
H*(BG; Z) = i*H*(BG; Z) < H*(BT;; Z).

Let G = SO(2k). Then the weights of the adjoint representation are §; + ¢;
and §; — ¢, for 1 <i < j < k. Hence, by (3.5),

(4.1) FA*p =[] (1 + (6; — )0 + (0; + 67 .

i<
The ring H*(BG; Z) is generated by the classes
P,=qgi6---,6) forj=1,---,k,
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and]; = 6, - - - 0, with * = P,. The class $zP;, 1 <j<k — 1, is a generator
of HY~Y(SO(2k); Z), and P, = ty* = 0. g; is the j-th symmetric function.

Let G = SO(2k + 1). Then the weights of the adjoint representation are
6; +86;,6;, —6;for 1l <i<j<kandg,forl <i< k. Hence

(4.2) FAFp=T]U+(6;— )1 + 6+ 6T+ 6.

i<
The ring A*(BG; Z) is generated by the classes
Pj=0']-(0i,'~-,(92), j=1>"'5k’

and 1zP; is a generator in H/-4(G; Z)
Let G = U(k). Then the weights of the adjoint representation are §; — 6,
for 1 < i < j< k. Hence

(4.3) FA*p =T+ :; —6)) .

<j
The ring H*(BG; Z) is generated by the classes
Ci=o0,0,---,6) forj=1,---,k.

Finally, the class C; is a generator of H*~(U(k); Z).

Let G = Sp(2k). Then the weights of the adjoint representation are §; — 6;,
0; + 6;for 1 <i<j< kand2§,for 1 <i< k. Hence
(4.4 FAFp=T1U+6: -0+ 6: +6))]] (A + 46 .

i<j
The ring H*(BG; Z) is generated by the classes
szoj(ﬁiﬂ";ﬁi) forj=1,---,k,
and the class 4zP; is a generator of H-\(Sp(2k); Z).
Because the transgression map sends nontrivial products to zero, we need

only to compute Ad* p modulo products in H*(BG; Z). The results are sum-
marized in the following table:

‘ | Ad*p; mod products in H*(BG; Z)

\ G 1<i<in ,
SO(n) | (n — 22-4p, |
U (—D2nCy l
) (n+ 2P, (n even) f

In each case above, Ad* p;, must be a sum of nontrivial products for [ > [n/2],
and for SO(2k), Ad* p, = 0 mod products.
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This information combined with Theorem 3.2 and Corollary 2.3 gives

Theorem 4.1. SOQk 4+ 1) with a biinvariant metric does not conformally
immerse in euclidean space (or the sphere) in codimension 2k — 1.

Proof. 36*{Tp @)} = 1z Ad*p, = $(2k + 1 — 2% DlP, = 4P, # 0
modulo integral classes. Apply Corollary 2.3.

Theorem 4.2. U(2k + 1) with a biinvariant metric does not conformally
immerse in euclidean space in codimension 2k — 1.

Proof. 3d*{Tpu(0)} = 1 Ad* p, = (— D)*3(2k + 1)2Cy, =37C,, 5= 0 modulo
integral classes.

Note that by the theorem of Hirsch both SO(n) and U(n) immerse in euclid-
ean space in codimension one. These immersions cannot be conformal for »
odd. These results generalize a result of Chern and Simons [6] for SO(3).

Observing that the projection z: G — G/I' is a local isometry when I” is a
discrete subgroup and G/ is given the induced metric, we have

Corollary 4.1. Let I’ C G be a discrete subgroup where G = SOQ2k + 1)
or G = UQRk + 1). Then G/I" with a metric induced from a biinvariant metric
on G does not conformally immerse in euclidean space in codimension 2k — 1.

We would like similar results for the spaces G/I" where G = SO(2k), U(2k),
or Sp(2k) and [ is a discrete subgroup. We have the following general result.

Theorem 4.3. Let G be a compact Lie group, and I' a discrete subgroup.
If L Ad* (zp}) does not contain a Z cochain invariant under the action of I',
then G|I" with a metric induced from a biinvariant metric on G does not con-
formaily immerse in euclidean space in codimension 2j — 1.

Proof. Let z: G— G/I' be the projection map, and observe that
7€ H*(G/I'; R) represents a Z class iff z*(y) contains a Z cochain invariant
under the action of I". Let ¢ and § be the Levi-Civita connections on G and
G /T respectively, and ¢ the cross-section of the tangent frame bundle of G as
before. Let ¢ be the corresponding cross-section for G/I". Then

z*(*ETpHO)) = o*G{Tr @) = L Ad* (zp}) -

Apply Corollary 2.3.

Proof of the formulas given in table. In the following discussion ¢, and S;
will denote respectively the j-th symmetric function and the j-th power sum of
the variables indicated; i.e., S;(X,, ---,X,) = X7, X{. We recall (cf. [10,
p- 81]) that

(4.5) St —Si01+ Si0y — -0 + (=180 4+ (=1DYe, = 0.

Consider the case U(k). Since ¢,(6,, ---,6:) = C; and S;(@,,---,6) ¢
RIC,, - - -, C;], we have from (4.5) that modulo products of C;’s

(4.6) Sz(ﬁv .- 'yek) = (“l)lﬂlcz .

We now set y;; = (6; — 6,)* for 1 < i < j < k, and observe that by (4.3)
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* Ad*p, = UL(}’ij) .
However, ¢,(y;;), S,(3:;) € RI[C,, - - -, C,], so we have from (4.5) that modulo
products of C;’s

a ;) = ‘(:‘;_)L'isl(yij)

— (—1) et Z (0 j)zl

Tl &
i+1 k
= &V 5 6, -
2 1,7=1
1+1 k
= D7 5 (ezl — 26n-, + (21>03L~Ze§. +o e@l) :
21 i,5=1 2
Using
k
'ZI 0?—7—0; = Szl—r(ela et aek)Sr(ela MR 0k)
i, =
we have
ak
a(y:;) = (_I)LMT 2wl - -+, 00) = (—1DR2KC,, .
Hence

A p =1+ 2k é (—1C,, .

(Note that * Ad* p; is necessarily a sum of nontrivial products for j > k.)
We now consider G = SO(2k). Let x;; = (6; + 6, and y;; = (6, — 6,)°
for 1 €i,j < k. Then by (4.1),

i*Ad*p = ol(xij, yij) -
Since a;(x;;,y;;) and S;(x;;, y;;) are invariant under permutations of the 4,’s
and under each map §; — —§;, they must both lie in the ring R[P,, - - -, P.].
Consequently, by (4.5) we have

(— 1)“101(3%,1', yij) = %Sl(xija yij)

% T O + 6.7 + 6 — 0"

i

[ﬁ (G + 6% + (6, — 6,)%) — Z(ze)ﬂ]

1
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k

x
= _1._[2 b (5? 4 <2l>031—25§_ N 0§Z> _ 2u 3 531]
21 L 47= 2

=1

%(2/« — 2N -, )

(=141 (2k — 2%-HP, .

il

Hence
@.7 FAFp=1+ Y 2k — 28-Y)P, |
i=1
For G = SO(2k + 1), we have from (4.2), (4.1) and (4.7) that

13
i Ad* p = (1 ¥ k- 221-1)PL)(1 + 3 PL)
=1 =1

fl

1+ 3 2k +1—2%Yp, .
im1

The case G = Sp(k) is entirely similar.

We conclude with a few remarks. Since the weights of Ad are the roots of
the Lie algebra of G, the computation of Ad* p should be straightforward for
the exceptional groups. The difficulty lies in knowing the map ¢: H*(BG; Z)
— H*(G; Z) exactly.

The above results carry over easily to products of U(n), SO(n), and Sp(n).

It would be useful to compute the Chern-Simons invariants for left invariant
metrics on compact Lie groups. However, this seems to be a difficult problem.
The invariants might not even exist since a priori P({2) does not have to be
identically zero. The connections in question are in 1 — 1 correspondence with
bilinear functions from g x g to g, where g is the Lie algebra of the group.
If X and Y are left invariant vector fields, the correspondence is given by
a(X,Y) =F,Y, and JV is biinvariant iff (X, X) = O for all X e g. This is an
extremely strong condition. It allowed us to conclude that FyY = fady Y
which was the basic fact needed in our computation.

In the special case where the map «’: g — gf, given by &/(X) = (X, —)
is a multiple, say ¢, of a Lie algebra homomorphism, we have

52 — e — 1
2

)

(4,61

and P(£2) = O by invariance. The class {TP(d)} depends strongly on «’. For
example if «'/c is the differential of a Lie group homomorphism 4: G —
GL(n, R), then for P € I*(GL,)
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HTP(O)} = gﬁ))A*&P),

where
@) = f 11 — f)=dr |

In particular if ¢ = 1, then
o*{TPH)} = A*(3P)

as before.
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